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ABSTRACT: A numerical algorithm is developed to calculate electrophoretic mobilities of rigid model
polyions that includes the effect of ion relaxation. The Navier—Stokes, Poisson, and ion transport
equations are cast into forms that are amenable to numerical solution by boundary element procedures.
The three equations are solved simultaneously by an iterative procedure. It is applied first to a spherical
polyion containing a centrosymmetric charge distribution and double layer that is not thin compared to
the radius of the sphere. Resulting mobilities compare favorably (to within 10%) with independent theory.
The algorithm is then applied to spherical polyions containing noncentrosymmetric charge distributions.
Although the present calculations are restricted to spherical polyions, there is no formal difficulty in

extending them to nonspherical polyions.

Introduction

Electrophoresis continues to be a very useful and
powerful technique in the separation and characteriza-
tion of biomolecules and colloids. In its simplest form
(free solution electrophoresis), a dilute suspension of
charged particles (colloids or macromolecules) is sub-
jected to a constant external electric field and the
particle translates through the solution with some
steady state velocity. The electrophoretic mobility (ratio
of steady state velocity to applied field strength) depends
in a complex way on the charge, size, and shape of the
particle as well as the solvent, nature of co-ions and
counterions present, and perhaps the field strength.
There exists an extensive literature on the theory of
electrophoresis, as summarized in a number of excellent
reviews.1=* Of all the theories, those restricted to thin
double layers in the absence>® or presence’® of ion
relaxation are the most thoroughly developed. lon
relaxation refers to the perturbation of the ion atmo-
sphere in the vicinity of the particle in response to the
imposed electric and flow fields. The double layer refers
to that layer of fluid surrounding the particle over which
the local ion concentration deviates significantly from
its ambient value and can be equated roughly to «~?!
where « is the Debye—Huckel screening parameter. The
double layer is considered to be “thin” if <1 is small
compared to the smallest linear dimension of the
particle. For a 0.1 M NacCl solution, «~ is about 1 nm
and the thin double layer theories can be applied to
globular particles in the 10 nm size range or larger, such
as colloidal latex particles.® However, many polyions
of biological interest are much smaller than this and
these systems require theories that account for the
double layer thickness relative to the particle size and
shape. In this work, we shall be primarily interested
in the case where the double layer is not thin.

The theories of electrophoresis of spherical particles
containing centrosymmetric charge distributions and
double layers of arbitrary thickness have been developed
in both the absence!® and presence!'~15 of ion relaxation.
Whether or not ion relaxation is important in this case
(sphere containing a centrosymmetric charge distribu-
tion) depends on the polyion charge or surface potential,
size, salt concentration and valency of its constituent

® Abstract published in Advance ACS Abstracts, October 1,
1996.

ions, and the ion mobilities. A fairly useful rule of
thumb is that if the reduced surface potential (actual
potential times protonic charge divided by kgT) exceeds
2, ion relaxation will be important.}* On this basis, we
would expect ion relaxation to be important for DNA6
but not for typical proteins on the basis of their
comparably low net charge.” However, this conclusion
is only tentative since it is based on simple spherical
models. Actual proteins are nonspherical and contain
complex charge distributions that may produce localized
regions of high absolute electrostatic potential in the
fluid domain, as illustrated by superoxide dismutase.8
Whether or not ion relaxation is important in protein
electrophoresis is a question that merits further study.

The objective of the present work is to develop a
method of determining the electrophoretic mobility of
rigid polyions of arbitrary shape and charge distribution
which also accounts for ion relaxation. It extends
previous work which left ion relaxation out!”19 or
included it,2° but only for a spherical polyion with a
central charge. The polyion is represented as a low
dielectric volume element enclosed by a molecular
surface made of a series of flat triangular platelets.
Outside the molecular surface is the solvent continuum
characterized by a dielectric constant different from that
of the polyion. Including ion relaxation complicates the
problem substantially because of the coupling of the
fluid flow, ion densities, and external electric and/or flow
fields.12=15 This requires simultaneous solution of the
Navier—Stokes, Poisson, and ion transport equations.
In the present work, we accomplish this by using
boundary element methods to solve the three equations
simultaneously. The algorithm is first applied to a
spherical polyion containing a single central charge to
confirm it is working correctly. Then it is applied to
spherical polyions containing a variety of noncen-
trosymmetric charge distributions.

Determining the Electrophoretic Mobility

The computational strategy of determining electro-
phoretic mobility when ion relaxation is included is
similar to that employed previously in the absence of
relaxation'” so only an outline shall be presented here.
The key quantity required is the total force, z, on the
polyion which is the sum of electrostatic and hydrody-
namic components. Consider a polyion translating
through a viscous, incompressible fluid with velocity u.
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It is assumed the fluid is at rest far from the polyion.
The jth component of the force can be computed by a
Teubner relation?!

zy=uzd) + [ [IVO(x) — i]-s(x) dV, (1)

where z¥) is the hydrodynamic force on the corre-
sponding uncharged polyion translating with unit veloc-
ity in direction j, v0)(x) is the fluid velocity at x that is
due to the translation of the equivalent uncharged
polyion translating with unit velocity in the direction j,
i; is a unit vector along j, and s(x) is the external force
per unit volume on the fluid at x. The calculation of
the hydrodynamic force and fluid velocity for the
uncharged polyion are computed by the boundary ele-
ment method for the special case s(x) = 0. In this work,
the external force, s, is assumed to arise from the
various electrostatic interactions that are present. If
A is the total electrostatic potential and p is the charge
density, then

s(X) = —p(X) VA(X) )

In order to determine the total force on the polyion, it
is necessary to first determine the electrostatic potential
and ion densities. This, in turn, requires simultaneous
solution of the Poisson and ion transport equations.11-1520
As discussed previously, in many applications it is a
good approximation to neglect ion relaxation. In previ-
ous work,'” the BE method was applied to the electro-
phoretic mobility of arbitrary rigid polyions with ion
relaxation ignored. In the present work, the “no relax-
ation” limit serves as a starting estimate for the more
general problem. The determination of A and p are
discussed in the next section.

Following O’Brien and White, it is useful to consider
two distinct transport cases. In the transport 1 (T1)
case, no external electric field, e, is present, but the
polyion is translated with velocity u through an un-
bounded fluid that is stationary far away from the
polyion. The total force, z(1), on the polyion can be
writtent?

z(1) = —yK-u ()

where K is the translational friction tensor and 7 is the
fluid viscosity. The components of K are readily ob-
tained by translating the model polyion along a single
axis and computing the force components using eq 1.
In the transport 2 (T2) case, the polyion is held station-
ary in a constant external electric field, e. The total
force, z(2), is given by

z(2) =nQ-e (4)

Now a polyion in a particular orientation that is
translating with constant velocity can be viewed as a
superposition of T1 and T2 cases with a net force of zero.
Solving for u yields

u=M-e (5)
M=K™"Q (6)
where M is the electrophoretic mobility tensor. Averag-

ing over all possible orientations leads to the low-field
electrophoretic mobility, u

w=ZTr(M) (7)
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where Tr denotes trace. In summary, determination of
M and u requires knowledge of the electrostatic poten-
tial and ion densities for T1 and T2 transport cases.

Poisson Equation

Both the ion transport and Poisson equations can be
cast into forms that are amenable to the boundary
element (BE) method. Consider first the Poisson equa-
tion

Ve(e(x)VA(X)) = —4mp(x) (8)

p(X) = 02 Z,n,(X) + pi(X) (9)

where A is the electrostatic potential, ¢ is the spatially
varying dielectric constant, p is the net charge density,
ps is the fixed charge density associated with the polyion,
A is a screening function equal to zero inside the polyion
and one in the fluid, z, is the valence of mobile ion
species a, and ny(x) is its local concentration at x. If
we assume the dielectric constant is ej/e, inside/outside
the polyion and that there is no surface charge on the
polyion surface, S, then

A _ (A
Ei(3[1)inside N EO(8[’1)0utside (10)

where the derivatives are outward normal derivatives
taken in the limit of a field point approaching S from
the interior or exterior of the polyion.

In this work, we shall be interested in the potential
in the vicinity of a polyion placed in constant external
electric field, e, or translating with constant velocity,
u. It is convenient to define a perturbation potential,
¥, through

A=Ay +y—er (11)

where Ay is the potential of a stationary polyion in the
absence of an external electric or flow field. Far from
the polyion, Ag =~ 0, A &~ —e-r, so i ~ 0. We shall also
introduce the additional potentials, ®,, which represent
the departure of n, from its equilibrium value, ngy,, as
done by O’Brien and Whitel®

Ny(X) = Ngg(x)e P#et@OTeL) = n (601 — z,a(p(x) +
P,(x)] (12)

Nyo(X) = Cogf P71 (13)

where = 1/kgT and cq is the ambient concentration
of ion a. The assumption will be made that the
departure of ny, from its equilibrium value is small.
Hence, the exponential in eq 12 is expanded and only
the leading term retained. This will account for effects
that are linear in the applied field strengths. Both Ag
and y are obtained by solving Poisson’s equation, and
®, is obtained by solving the ion transport equation
which is discussed later. It will prove convenient to
solve for Ap and vy separately. Consider first the
solution of Agp. The charge distribution inside the
polyion is assumed to consist of an arbitrary distribution
of point charges of valence z, and position X,. Equations
8 and 9 become

V2A4(X) = hp(x) (14)
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hy(x) = — Aiqupé(x -Xx,) xeV; (15
€ P

4nq
=— —Zzanao(x) xeV (16)
€ &

where ¢ is the delta function, V; represents the polyion
interior, and V is the solvent domain. The ion densities,
Nyo, are given by eq 13, and it should be emphasized
that this is not linearized. Equation 10 provides the
boundary condition

oA RTAN
gO(X) - Ei( BT'EX))msnde - Eo( 3(:’EX))outside (17)

In this work Ap(x) is solved by a procedure similar to
that used by Zhou?? which extends the BE method
applied to the linear Poisson—Boltzmann equation23-25
to the nonlinear case. The details of the BE approach
are described in the Appendix. The first step is to
compute Ag and go on the polyion surface. As described
in previous work,” the polyion surface is broken into a
series of N flat triangular platelets and the assumption
is made that Ao and go are constant over each platelet.
Equations A26 and A27 are used to solve for the N Ao's
and go's. (Aoj, Jox/€o, and doxlei replace vj, pg, and py in
egs A26 and A27.) For the parameter o, the Debye—
Huckel screening parameter, «, is used where

4nq
€Kg TS

2

D CacZe’ (18)

The advantage of making this choice is that the external
source term, v in eq A27, vanishes everywhere in the
solvent domaln except where nonlinear terms in eq 13
are significant. The external source terms do pose a
problem since they contain Ap, which is what we are
trying to determine. Consequently, an iterative ap-
proach is followed in which successive estimates of Ag
are used in the source terms. In the first iteration, the
vi's are set to zero and the first estimates of A and g;
are obtained by solving egs A26 and A27. In this work,
eqs A26 and A27 are put in the form of a 2N x 2N
matrix product. A 2N x 2N matrix is computed and
inverted once at the start of the calculation and saved
for subsequent iterations. The first estimates of Agj and
Joj represent solutions of the linearized Poisson—Boltz-
mann equation. Then, eq A28 is used to compute Ag(s)
in the exterior domain which is discretized into M
volume elements. In this work the exterior domain is
divided into J (typically 50—100) shells or “onion skins”
that conform closely to the polyion surface. Each shell,
in turn, is subdivided into N five-sided volume elements
(truncated pyramids). For the innermost shell, one side
of the volume element corresponds to one of the N
polyion surface platelets. Once Ay is computed at the
centroid of each of the volume elements, the v's can be
computed using egs A7, Al3, Al7, and A29, and these
represent the source terms for the second iteration. The
procedure of first computing new surface Ag; and goj,
then using these to compute updated Agﬂ)(s) (where j
+ 1 represents the new iteration) and finally using
these to compute new v can be repeated until the
potentials converge. We have found it necessary to
modify this approach in one respect due to divergence
of the potentials in certain cases. The updated poten-
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tials, AU™V, are computed as discussed above, but the
previous estimate, A(Oj), is retained in memory (j =1, 2,
etc.). Rather than using AJ™ to compute the new v/, a
scaled potential is used instead

AF= AP +2AF = AD) (19)

For a single central charge of +66.572 placed at the
center of a 2 nm sphere and a monovalent salt concen-
tration of 0.576 M, no scaling is necessary (1 = 1). The
surface potential in this case is 3kgT/q which is large
enough for ion relaxation to be important. However,
for charge distributions involving displaced single charges
of comparable size or dipolar or quadrupolar charge
distributions, scaling was necessary (typically 1 ~ 0.25).

The procedure for determining vy is very similar.
Equations 8 and 9 are replaced with

VAp(x) = h'(x) (20)
h(x)=0 xeV, (21)
h'(x) =

02 W(X) + Py(X) X eV (22)

The boundary conditions on the polyion surface are a
little different due to the possible presence of the
external field, e

Ei(alggl)())inside =9(x) — (6 —glen(x)  (23)
g(X) - Eo(al/gl('])())outsme (24)

where n(x) is a local outward normal from the polyion
surface at x. With minor modifications, the procedure
used to compute Ap can be used to compute . At the
beginning of the calculation, ion relaxation is ignored
so p = —®, (see eq 12) and eq 22 above equals 0.
Setting oo = 0 in eq A26, eqs A26 and A27 can be solved
to obtain a first estimate of . Physically, (v — e-r) is
the potential of the uncharged, low dielectric polyion
placed in constant external field, e. Before a new
estimate of y is made, new estimates of the ®, are
determined as described later. These along with (scaled)
y¥'s are then used to determine v Also, the term
(e — €)(e-n) appearing in eq 23 |s absorbed into v
Then, eqs A26 and A27 are used to determine v; and gJ
followed by the use of eqs A28 or A33 and A30 or A36
to determine v and Vy in the exterior domain. As in
the case of Ao, the new UtD is replaced with @ +
AU+ — @) pefore computing the new v{. To sum-
marize, updating the y’s is done in tandem with the ®,’s
but the procedure is otherwise similar to the iterative
procedure used for Ao. Our attention shall now be
turned toward the determination of ®,,.

lon Transport Equation

In order to obtain ®,, the ion transport equation must
be solved. The calculation is carried out in a reference
frame stationary with respect to the polyion and steady
state conditions are assumed to prevail. The equation
of continuity yields

0= V+j,(x) (25)
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where j is the local current density of ion a. Itis given
by

Jo=nyv —D,vn, + pn.D,s, (26)

where v is the local fluid velocity, D, is the diffusion
constant of ion «, and s, is the local force on ion o which
is taken to be

S = ~Z,(VAg + Vi — ) 27)
Making use of eqs 12 and 13 and retaining terms to first
order in the external electric or flow field lead to

Jo = NgoVv + D Z,aNn,o(VP, + €) (28)

Substituting this into eq 25 and assuming solvent
incompressibility (V-v = 0) gives
Vo =f (29)

a a

f, = Div + 2, q(vD, +e)|-vA,  (30)

where the above two equations are restricted to the
solvent domain. As in the case of the Poisson equation,
there is a boundary condition at the polyion surface
(where v = 0 due to our choice of reference frame) which
arises from the impermeability of the polyion to the
passage of ions: j,-n = 0. From eq 28 this requires

(B%(X)) B
on outside N —e-n(x) (31)

As in the case of the solution of Ag and v, the boundary
element approach is used to solve for ®,. Since Vd,
appears in the source term, f, (eq 30), it is also necessary
to use an iterative approach in which previous estimates
of ®, are used to update f,, which are then used to
update ®,. The source term also contains VA, (com-
puted previously and saved at discrete points in the
solvent domain) and the local fluid velocity, v. The local
fluid velocity is also updated after each iteration and
its calculation is described in the next section.

As an initial estimate, ion relaxation is ignored and
we simply set &, = —y (eq 12) where ¥ has been
computed previously. Also, initial fluid velocities are
computed (assuming no ion relaxation) and eq 30 is used
to compute initial f,’'s. Prior to solving eq A26 to obtain
the surface ®,’s, the vje’s must be computed (f, replaces
h' in egs A7 and A29). Also, the py's are given by eq
31. For the o parameter appearing in eq A26, we simply
set it to 0. It has been our experience that the most
efficient choice of a is the one which minimizes h (eq
A7) in the solvent domain. Due to the presence of the
VA, term in f,, f, falls off quickly with distance from
the polyion surface and setting o = 0 ensures that h is
small in most of the solvent domain. Once the surface
d,’'s are computed, eqs A28 or A33 is used to determine
®, and eqgs A30 or A34—A36 to determine V@, in the
solvent domain. These along with recomputed v’s (next
section) allow us to recompute the source terms for
subsequent iteration.

In addition, we would like to discuss an approach
which has been found to yield a better estimate of the
normal component of Vd, near the polyion surface.
Equation 25 is integrated over a particular volume
element (solvent domain), and application of the diver-
gence theorem results in a surface integral. This
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surface integration involves three “tangential” surfaces
and two “normal” surfaces given the way we have
discretized the solvent domain. The inner “normal”
derivative of ®, is known either from the surface
boundary condition, eq 31 (at the polyion surface), or
from a previous calculation over an inner shell of volume
elements. Also, the three tangential derivatives of @
(appearing in the integration of eq 28 over the tangen-
tial surfaces) are computed according to eqs A34—A36.
Since the net flux of j, through the five surfaces must
vanish, we can estimate the normal derivative of ®, at
the outer “normal” surface. This is basically the strat-
egy employed by O'Brien” and Anderson and co-work-
ers® in related work on thin double layers. Here, this
approach is used to calculate the normal derivatives for
the innermost (typically 4) shells of volume elements.

Calculation of Fluid Velocities

The fluid velocity calculation involves numerical
solution of the Navier—Stokes equation which has been
described in detail previously,172026 g0 only a brief
review is given here. As in the case of the Poisson and
ion transport equations, a BE method is employed which
utilizes the singular solution of the Navier—Stokes
equation. Given a rigid polyion translating with velocity
u through an incompressible fluid which is at rest far
from the polyion, the fluid velocity at r is given by

v(r) = — [JU(x,N-w(x) dS, — [[U(x,r)'s(x) dV, (32)

where S, V, and s have the same meaning as before and
w represents the surface stress force per unit area. (The
total hydrodynamic force is obtained by integrating w
over the entire polyion surface.) U is given by

__ 1 WY
Uean = =g T RO (ROG); y'y‘/é,g)

where # is the fluid viscosity, y =r — x,y = |y|, and |
is the 3 x 3 identity matrix. As discussed previously,
the surface is discretized into N platelets and the
surrounding fluid into M volume elements. The as-
sumption is made that w/s is constant over each surface/
volume element. Equation 32 can be written

N M
v(r) = ;Ej(Y)'Wj + I(Z‘GK(Y)'Sk (34)

where Ej/Gy are surface/volume integrals over U. At
the polyion surface, stick boundary conditions are
assumed which requires v = u at the polyion surface.
The only unknowns in eq 34 are the wj's which can be
readily computed by inverting a 3N x 3N matrix.

Rather than using actual external forces (s = —pVA)
in egs 32 and 34, O'Brien and White!® have shown that
the same velocity field is obtained using fictitious force,
s', defined by

s' = anozaq(Vd)OL +e) (35)

provided the same boundary condition on v is employed.
The advantage of this approach is that s' and conse-
qguently v is independent of the perturbation potential,
. The connection between s' and s is

s=s"+Vxn (36)
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m=KkgTH N, (37)
o

where 7 is the osmotic pressure within an additive
constant.

Results

In the Appendix, special procedures are described for
treating potentials and potential gradients near the
polyion surface. An uncharged low dielectric sphere
placed in a constant external electric field, e, provides
a good illustration of the BE approach. The sphere
radius is taken to be a = 2 nm and e€jle, is taken to be
2/78. The sphere is represented as a 128 (or 512)
platelet geodesic surface and the electric field is 1 kV/
cm directed along the —x-axis. The procedure used to
generate the surface is briefly described later. The
analytical form of y(s) (the actual potential plus e-s
according to eq 11) is given by

_ €&~ € |[a)?
Y(s) = —(m)(g) (s-e) (38)

in the external solvent domain. The root-mean-square
(rms) surface potential is expected to be 1.849 x 1077
erg/esu from eq 38 compared to 1.899 x 1077 erg/esu
derived from solution of the BE problem (egs A26 and
A27) with oo = 0 and N = 128. Also, the rms g (see eq
24) is expected to be 1.443 x 107° erg/(esu nm) compared
t0 1.442 x 1075 obtained from BE. The surface potential
and g are in error by 4% and 0.3%, respectively (N =
128). The centroids of all volume elements within a
particular shell are about the same distance from the
center of the polyion. Shown in Figure 1 are rms y’s
(obtained by averaging all potentials within a given
shell) versus distance (N = 128). The top curve repre-
sents the numerical solution of eq A28 for exterior
points. For corresponding mirror points inside the
polyion, the right hand side (rhs) of eq A32 should
vanish in principle but may not in practice due to
discretization and numerical error. However, Figure 1
does show that the rhs of eq A32 is close to zero. What
this means is that the mirror point correction procedure
(eq A33) does not significantly improve v near the
polyion surface in this particular example. However, a
quite different conclusion is reached when the gradient
of v is considered. First of all define

GT = [Vy — n(n-Vy))*0? (39)
GN = [n-Vy)’&? (40)

where brackets denote an average over all volume
elements within a particular shell and n is the local
outward unit normal to the polyion surface. The
tangential gradient component, GT, is plotted in Figure
2 for N = 128. Without any mirror correction (eq A30),
the BE procedure does not yield accurate tangential
gradients near the polyion surface. However, better
results are obtained when eq A34 is used which corre-
sponds to adding the gradient of v at the field and
mirror points. Still better results are obtained by going
to a surface made up of 512 platelets, as shown in Figure
3. For N = 128, the normal gradient component is
computed more accurately in this particular example
than the tangential gradient, as shown in Figure 4. As
discussed in the Appendix, we expect that subtracting
the gradients (eq A35) should improve the accuracy in
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Figure 1. y versus s for an uncharged sphere in an electric
field. The solid line is the analytic y from eq 38, and the BE
result for N = 128 is the dashed line. The mirror image
correction (from the rhs of eq A32) is the dotted line.
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Figure 2. GT versus s for an uncharged sphere in an electric
field. The solid line is the analytic curve, the dotted line is
the uncorrected BE curve (from eq A30), and the dashed line
is the corrected BE curve (from eq A34). In the BE calculations,
N = 128.
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Figure 3. GT versus s for an uncharged sphere in an electric
field. Same as Figure 2, but N = 512.

this case and the results of Figure 4 are consistent with
this. Unless otherwise stated, eq A36 is used for all field
points within a 0.3 nm distance of the polyion surface.
This ensures that the sum formula is used for the
tangential and difference formula is used for the normal
gradient components.

Attention shall now be turned to simple models of
highly charged polyions with salt present. Consider a
spherical polyion containing a single charge located at
its center. A polyion radius of 2 nm is chosen immersed
in a monovalent salt of ambient concentration 0.576 M.
The interior/exterior dielectric constants are taken to
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Figure 4. GN versus s for an uncharged sphere in an electric
field. Similar to Figure 2 except for the normal component
(N =128). The solid curve is the analytic value, and the dotted
line is the uncorrected BE result (from eq A30). The dashed
curved comes from eq A35.

be 2/78, and the temperature and solvent viscosity are
set to 25 °C and 0.0089 P, respectively. This gives xa
= 5. For the co-ions and counterions, an effective
hydrodynamic radius of 0.132 nm shall be used which
gives my = 0.184 (oo = +1) where

_ €kgTT,

41

6:177012 “1)
and f, = kgT/D, = 67na, is the friction coefficient of
ion a. This value of m, was used extensively by
Wiersema et al.’314 and is typical for monovalent ions.
A central charge of +66.572q is used which yields a
reduced potential

Yo(r) = BAA(r) (42)

of about 3 at the polyion surface under these condi-
tions.?? A surface potential of this magnitude is large
enough to ensure that ion relaxation is significant.13.14.20
In addition, this case was extensively studied in previ-
ous work?% and we can check not only yo and mobilities
but also ®,'s.

As in previous modeling studies of rigid polyions!” the
tesselation procedure of Pakdel and Kim?’ is used to
represent the sphere as a geodesic surface of N = 128
or 512 triangular platelets. There are also N/2 + 2
vertex vectors of equal length associated with each
geodesic surface and a given vertex vector represents
the corner of 4 or 6 different platelets. To determine
the appropriate size of the vertex vectors, several T1
calculations are carried out for uncharged model poly-
ions and that vertex vector length which gives a
translational friction constant (6;rya) appropriate for a
2 nm sphere is determined by interpolation.

Consider the reduced polyion potential, yo, given by
eq 42. The BE method is used to solve the nonlinear
PB equation following the procedure described previ-
ously. Twelve iterations have been carried out, and the
volume around the polyion is subdivided into 50 shells
each consisting of N truncated pyramids of thickness
0.0306 nm. The results are summarized in Table 1.
Averages over all quantities in the same shell are
denoted by brackets, [T] and s represents the distance
of the centroid of a particular volume element from the
polyion center. The “exact” reduced potential, Y| gep, IS
solved for by numerically following the algorithm of
Loeb et al.,?8 and y, represents BE results. The error
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Table 1. Comparison of Exact (yLoen) and BE-Reduced

Potentials
N =128 N =512
80 Yioend yO error yOo error

2.03 2.67 2.74 0.082 2.71 0.042
2.09 214 2.21 0.071 2.18 0.037
215 1.75 1.80 0.055 1.77 0.027
221 1.44 1.47 0.038 1.45 0.021
227 1.19 1.21 0.027 1.20 0.017
3.01 0.14 0.142 0.005 0.140 0.001
4.05 0.00773 0.0079 0.00011 0.00768 0.0002

5.03 0.000538 0.000542 0.000006 0.000535 0.000002

Table 2. Total Polyion Forces (in 10-8 Dyne) Versus
Iteration Number

N =128 N =512

iteration Tl T2 T1 T2

0 3.355 -1.629 3.355 —1.598

1 3.429 —1.286 3.449 —-1.184

2 3.415 —1.235 3.426 —1.175

3 3.409 —1.314 3.419 —1.262

4 3.406 -1.337 3.417 —1.286

5 3.405 —1.340 3.415 —-1.29

6 3.404 —1.342 3.415

7 —1.341

represents [yo — Yioeb)?[¥2 where again the average is
taken over all volume elements within a particular shell.
Near the polyion surface, the relative error is about 3%
for N = 128 and about 1.5% for N = 512.

The efficacy of the BE procedure in yielding electro-
static potentials around model polyions was well-known
before we undertook this project. Of paramount concern
to us was whether or not the resulting potentials are
accurate enough to yield meaningful electrophoretic
mobilities. To answer this question, the results of
detailed T1 and T2 calculations shall be described for
the 2 nm sphere containing a central charge of +66.572q.
Other parameters are the same as those discussed
previously (yo(a) ~ 3). Briefly, the calculation begins
by reading in information about the polyion surface and
charge distribution as well as Ay in the solvent domain.
As a first approximation, ion relaxation is ignored and
eq 1 is used to compute the total force on the polyion in
T1 and T2 transport cases.!” Then the calculation
enters an iterative cycle in which first v, and then @,
and v and their gradients are computed by BE proce-
dures. This is the most time consuming part of the
calculation. Once these are known, the forces s (eq 2)
and s' (eq 35) are computed followed by reapplication
of eq 1 to update the total force on the polyion. The
iterative cycle is repeated until the forces converge.
Summarized in Table 2 are total forces versus iteration
number for T1 and T2 transport cases for N = 128 and
512. In the T1 calculations, the polyion is translated
with velocity 1 cm/s in the —x direction, and in the T2
calculations, the stationary polyion is placed in an
electric field of magnitude 1 kV/cm directed along —x.
From egs 3—7 we can express the mobility for this case

z;(2)y;(1
U )
zj(1)ei(2)
and the reduced mobility is defined
_ 6nqM;;
Vi = TekeT (44)

For the sphere containing a central charge, y will be
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isotropic. In the absence of relaxation, y should equal
3.411314 and the BE calculations (from iteration no. 0
results of Table 2) yield 3.66 (high by 7.3%) and 3.56
(high by 5.2%) for N = 128 and 512, respectively.
Including ion relaxation, v should be 2.741314 and the
BE calculations yield 2.97 (high by 9.1%) and 2.85 (high
by 3.8%) for N = 128 and 512, respectively. These
results show that for this test case, the BE procedure
is yielding mobilities accurate to within 10% even for
the low-resolution model consisting of N = 128 platelets.
Increasing N by a factor of 4 yields more accurate
mobilities, which is to be expected.

In addition to the mobilities, it is possible to compare
d, obtained by the present BE procedure with a closely
related quantity, 9., determined previously by some-
what different methods.?® The two quantities are
related by

kgT
O = g Ja 008 0 (45)

o

where g, depends only on s and 6 is the angle between
s and the flow field/electric field direction. For the T2
case considered in ref 20 [(®4(a))?[}2 = 2.84 x 1077 erg/
esu and [®_;(a))?}2 = 0.77 x 1077 erglesu, where
brackets denote an average over the spherical surface.
For N = 128, the variation of [{®.(a)2(¥2 (in 107 erg/
esu) with iteration number is 3.51, 2.55, 3.06, 2.98, 2.93,
2.96, and 2.95. The corresponding variation in
[{P-_1(a)2(¥?is 0.38, 0.93, 0.90, 0.75, 0.72, 0.72, and 0.74.
Thus, there is good agreement between the two inde-
pendent calculations which leads us to conclude that ion
relaxation is being properly accounted for. Increasing
N to 512 has little effect on ®@,.

Before leaving the transport of a sphere with a
centrosymmetric charge distribution, we would like to
consider the effect of the velocity field, v, on the T2
transport case (where the polyion is held stationary in
a solvent which is also stationary far from the polyion).
Net charge densities near the polyion surface can be
significant, and the presence of external electric fields
exerts forces on the fluid which, in turn, produce fluid
convection. These convective effects are known to be
important, for example, in the alignment of long,
charged rodlike molecules in electric fields,2® and we
would like to assess their importance in the electro-
phoresis of spherical polyions. From Table 2, it is clear
that ion relaxation has a significant effect on T2 but
not T1 transport cases. Convection enters the problem
explicitly through the v term appearing in the ion
transport equation (egs 28 and 30). If convection is
important, then leaving it out of the calculation should
have a significant effect on the total polyion force.
Leaving it out (T2, N = 128) changes the total force from
—1.341 x 1078 to —1.383 x 1078 dyne so the effect is
seen to be small in this particular example.

Attention shall now be turned to some other charge
distributions. In the following examples, the polyion
shape is spherical with parameters identical to those
used previously for the centrosymmetric charge distri-
bution. The charges are placed along the x-axis and N
= 128 except for one of the quadrupole cases considered.
In case a, a charge Q = +66.572q is placed at (0.5, 0O,
0). This is similar to the centrosymmetric example
considered previously except the charge is displaced
from the origin by 0.5 nm. The reduced mobilities are
given in Table 3 (first entry). Because of the placement
of the charge, the mobility is expected to be different
along the axis which passes through the center of
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Table 3. Reduced Mobilities of Spherical Polyions With
Noncentrosymmetric Charge Distributions (Charge
Distributed along x-Axis)

no relax relax
case Yxx Yzz ¥xx Y2z
a. displaced monopole 3.56 3.69 2.75 2.90
b. dipole 0 (0) (0) 0)
c. quadrupole, N = 128 0.901 —-0.152 0.859 —0.133
d. quadrupole, N = 512 0.793 —0.152 0.839 —0.152

friction (origin of the sphere in this case) and the charge
(the x-axis) and a perpendicular direction (z-axis). At
low field strengths, the reduced mobility should be given

by
1
Y = §(7xx + 2sz) (46)

which for the displaced monopole turns out to be 3.65
(no relaxation) and 2.85 (relaxation). These are so
similar to those of the centrosymmetric charge distribu-
tion that we conclude they are indistinguishable at the
level of accuracy of these calculations.

In case b, a dipole with £Q = £66.572q is placed at
(£0.5, 0, 0). This model polyion has no net charge, and
the even moments of its charge distribution are negli-
gible. The mobility (second entry of Table 3) is calcu-
lated to be negligible. Yoon3 has developed an ana-
lytical theory of electrophoresis of spherical polyions
containing an arbitrary charge distribution. However,
ion relaxation is ignored in this theory and the ad-
ditional assumption is made that the ion atmosphere
is distributed according to the linearized Poisson—
Boltzmann equation. The main conclusions of the Yoon
theory relevant to the present work are (i) only the
monopole and quadrupole moments of the charge dis-
tribution contribute to the mobility and (ii) the contri-
bution of the quadrupole vanishes when an isotropic
average is taken over all possible orientations. Thin
double layer theories (in which the surface potentials
can be arbitrarily large) have also considered the
dependence of electrophoretic mobility on charge dis-
tribution. In the absence of relaxation, only the mono-
pole and quadrupole moments contribute but, unlike the
Yoon theory, the contribution of the quadrupole does
not necessarily vanish upon averaging over all possible
orientations.6 With relaxation, other moments appear
to contribute with the exception of the dipole moment.8
It should be emphasized, however, that the dipole will
contribute at high field strength, since it serves to orient
the polyion to some degree, and taking an isotropic
average over all orientations is no longer valid. In any
event, both the displaced monopole and dipole results
obtained in this work are qualitatively consistent with
the Yoon3° and thin double layer®8 theories.

The last two entries in Table 3 correspond to a
quadrupole distribution in which a charge of +66.76q
is placed at the origin and —33.38q is placed at (+1, O,
0). The total charge is 0. lon relaxation has a smaller
effect than in the monopolar cases considered previ-
ously. From eq 46 and Table 3, the reduced mobility
for N = 128 is 0.199 (no relaxation) and 0.198 (relax-
ation) and for N =512 is 0.165 (no relaxation) and 0.178
(relaxation). At variance with the Yoon theory but not
thin double layer theories, the mobility of this quadru-
polar polyion does not vanish.

To conclude, we would like to compare the mobilities
obtained here with the reduced mobility, yqi, predicted
by thin double layer theory in the absence of relaxation®
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3
Vidl = Eﬁqm\om 47)

where the average is taken over the polyion surface. It
is convenient to characterize the surface potential of a
spherical polyion by expanding it in terms of Legendre
Polynomials, P;,

BaA(s) = ZCij(cos 0) (48)
J

where s is some point on the polyion surface and cos 6
= ny where ny is the x component of the local surface
outward normal. The coefficients, c;, are readily ob-
tained from averages over the surface of the polyion

¢; = (2] + 1)BalAy(s)P;(n)T (49)

The c coefficients are summarized in Table 4 for the four
cases included in Table 3. Also included are the
centrosymmetric monopole, N = 128 (case e) and N =
512 (case f). As expected, the overwhelming component
of cases e and f is co, case b is ¢;, and cases c and d is c,.
The displaced monopole, on the other hand, has signifi-
cant contributions from co through c,. Itis also evident
from this table that y exceeds the actual mobility by
about 40%, which is attributed to the thickness of the
double layer. For the polyions considered in this work,
the double layer thickness must be accounted for.

Summary

The primary objective of this work is the development
of an algorithm to calculate the eletrophoretic mobility
of model rigid polyions that accounts for the effect of
ion relaxation. It extends previous work which left ion
relaxation out.!” Including ion relaxation complicates
the theory substantially because the co-ion and coun-
terion charge distributions and their transport as well
as the fluid flow near the polyion are inextricably
coupled. This coupling requires simultaneous solution
of the Navier—Stokes, Poisson, and ion transport equa-
tions. In the present work this is accomplished by
solving the three equations using boundary element
methods. One starts with the no relaxation limit and
iterates the solutions until they converge to a constant
value. As a benchmark, the algorithm is first applied
to a spherical polyion containing a centrosymmetric
charge distribution and a reduced surface potential of
about 3. This surface potential is large enough to
ensure that ion relaxation makes a significant contribu-
tion to the electrophoretic mobility. The resulting
mobilities are in good to excellent agreement with the
predictions of Wiersema.314 In addition, the distortion
of the co-ion and counterion densities at the polyion
surface are similar to those obtained previously by a
different approach.2°

The algorithm is then applied to a number of spherical
polyions in which the charge distribution is noncen-
trosymmetric. For a sphere containing a single charge,
the ensemble-averaged mobility appears to be fairly
insensitive to the position of that charge. A purely
dipolar charge distribution has zero mobility, but a
quadrupolar charge distribution (net charge of 0) does
have a finite value even after averaging over all
orientations. However, ion relaxation does not appear
to significantly affect the orientationally averaged mo-
bility for the examples studied in the present work. A
comparison of the present results with the prediction
of thin double layer theory shows the importance of
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Table 4. Reduced Potential Coefficients and y’s

case Co C1 C2 C3 Yl y(relax)
a 3.26 1.90 0.703 0.159 4.89 2.85
b 0.000 4.76 0.003 —-0.637 O 0
c 0.200 —0.012 —3.93 0.023  0.300 0.198
d 0.168 —0.002 —3.79 —0.004 0.252 0.178
e 3.34 0.011 0.009 -0.010 5.01 2.97
f 3.14 0.002 —0.001 0.001 4.71 2.85

accounting for the double layer thickness when the
polyion/particle size is on the order of 2 nm.

Although the models studied in this work were all
spherical, there should be no problem in extending these
studies to nonspherical models such as ellipsoids or
surfaces derived from the space-filling crystal structures
of proteins or nucleic acids.t”1° The objective of the
present work was to verify that the algorithm is working
(as the results on the sphere with a central charge
verify) and then apply it to some simple cases. More
complex models will be treated in future studies.

There are aspects of the modeling procedure that
could be improved upon in future studies. One of these
involves going beyond the Poisson—Boltzmann (PB)
equation in calculating Ao more accurately. These could
include functional expansion techniques as used by
Fixman3! or Monte Carlo methods used by a number of
groups who have been particularly interested in the
electrostatic potential of DNA.3273¢ Such refinements
are expected to be particularly important if the coun-
terions are multivalent. For univalent salt up to
concentrations of several tenths molar, however, these
studies have shown that the nonlinear PB equation is
quite accurate provided the mobile ion radii are small
compared to the polyion radius. A similar conclusion
was reached for an electrolyte near a charged wall.3®
Another feature of the problem that has been ignored
here is the Brownian motion of the polyion. When a
polyion is placed in an electric field, its actual motion
will be a superposition of an electrophoretic “drift” and
random Brownian displacement. Because Brownian
motion causes the polyion position and orientation to
change impulsively, we can expect this to influence ion
relaxation and hence the electrophoretic mobility. Us-
ing a theory by Onsager and co-workers3® as a starting
point, Wiersema?? studied this problem for a spherical
polyion containing a centrosymmetric charge distribu-
tion and concluded that the effect is small in that case.
For the more complex problem of a noncentrosymmetric
charge distribution and/or nonspherical polyion, we
might expect the rotational Brownian motion to influ-
ence ion relaxation differently. For a spherical polyion
containing a dipolar or quadrupolar charge distribution
as studied in this work, we can assess the influence of
Brownian motion via the following argument. First,
Brownian motion has no effect on the low-field, orien-
tationally averaged mobility in the absence of relaxation.
Second, the present work has shown that ion relaxation
has little effect on the mobility of a polyion with a
dipolar or quadrupolar charge distribution that is
translating under steady state conditions along a par-
ticular direction. From this, it follows that Brownian
motion should have little effect on the mobility for these
cases. Whether or not this is also true for polyions in
general is unclear at this time. A final technique which
might be able to shed light on this question and which
would circumvent the need for boundary element meth-
ods altogether is Brownian dynamics simulation where
the mobile ions are included explicitly.3” This approach
has the additional advantage of accounting for specific
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ion effects and could also be used to study transient
phenomena such as the response time of the ion
atmosphere to a suddenly imposed electric field. Po-
tential problems might include accounting for the
dielectric discontinuity at the polyion—solvent interface,
handling long-range electrostatic interations, and car-
rying out enough Brownian dynamics trajectories of
sufficient duration to get accurate mobilities. In conclu-
sion, the present studies could be extended in a number
of ways.

Appendix: Boundary Element Method

The starting point of the boundary element (BE)
method as applied to the Poisson and ion transport
equations is Green's second identity

JAFVPp — pVPF) dV = [(FVy — pVF)-n' dS (A1)

where y is the potential function we want to determine,
F is some trial function, V denotes a volume of integra-
tion bounded by some surface(s) S, and n' is the local
unit normal to the surface directed outward from the
enclosed volume. We shall use the following trial
function

e

F(a,x,s) = 4y (A2)
wherey = |y| = |x — s| and
VF = o®F — §(X — ) (A3)

In eq A2, a is a constant and the derivative in eq A3
acts on variable x rather than the field point, s. In this
work we are interested in y’s with the property

Vi =h' (A4)

coupled with boundary conditions on the outward unit
normal to the polyion surface, n,

p=Vyn (A5)

In addition, we shall require y ~ 0 far from the polyion.
The enclosing surface, S, is taken to be the polyion
surface. If we choose V to be the polyion exterior and s
to be an exterior point (in the solvent domain), se, then
eq Al can be written

P(se) = — [ F(ax,s)h(e,x) dV, —
JoF(ax,s)p°(x) dS, + [(F'(0.x,S)p(x) dS, (A6)

where

h(ax) = h'(x) — o’y (x) (A7)
F'(o,%,8) = V,F(a,X,8)'n (A8)

and p&(x) denotes a normal derivative taken from the
polyion exterior. (A normal derivative taken from the
polyion interior shall be denoted p(x).) In this work, o
for the exterior problem will either be set to O or the
Debye—Huckel screening parameter, «. For the interior
problem, oo will be set to zero. The analog of eq A6 for
a field point in the polyion interior, s;, is obtained from
eq Al by choosing V to be the polyion interior, V.
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P(s) = — fViF(o,x,si)h(o,x) dv, +
JsFOx,8)p'() dS, — [(F'(0.x,5)p(x) dS, (A9)

There are alternatives to eqs A6 and A9 that are
useful in certain cases. If, for example, V is chosen to
be the polyion exterior but s an interior point, then eq
A6 is replaced with

0= —j:/F(a,x,Si)h(a,x) dv, — st(a,X,Si)pe(x) ds, +
JSF'(@x,5)9(x) dS, (A10)

An analogous relation to eq A9 is obtained if an
exterior field point is taken. Now consider an exterior
point just outside the polyion surface and move it to the
interior. On comparison of eqs A6 and A10, it is seen
that the sum of the three integrals on the right hand
side must undergo a discontinuous jump as the field
point moves across the polyion surface. The first two
integrals are continuous, but the third is dis-
continuous.?2~%5 For sj/s, just inside/outside the polyion
surface and s, a point on the surface

S @x8Ip() dS, = Z(so) + foF (@xsy(x) dS,
(A11)

[P axsne) d, =~ bytsy +
JSF(@x,sp)p(x) dS, (A12)

For surface points, eqs A6 and A9 become

Lys0) = vi(s9) — o (@xsp6) dS, +
JSF'(@x,s0)p(x) dS, (A13)

%1/}(80) =Vi(sy) + st(O:X,So)pi(x) ds, -
JSF 0,509 (x) dS, (A14)

where interior and exterior source terms have been
introduced

Vi(s) = — LiF(O,x,s)h(O,x) dv, (A15)

vi(s) = — [ Floux,s)h(a,x) dV, (A16)
In numerical applications, it is convenient to break the
polyion surface into N triangular platelets and the
exterior volume into M volume elements. In principle,
the exterior volume is unbounded but the integrand of
eq Al6 is only significant near the polyion surface.
Thus, it is possible to truncate the exterior volume to a
good approximation. The interior volume integral in eq
A15 can be replaced with a discrete sum of terms in the
applications considered in this work so the integral does
not have to be evaluated as written. Within the surface/
volume elements, v, p¢, p', and h are assumed constant
but the integrals over F and F' are evaluated numeri-
cally. It is convenient to define the following integrals

I (o,k,8) = — fSkF'(a,x,s) ds, (A17)
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I(o,k,S) = j;kF(a,x,s) ds, (A18)

I(o,l,8) = jvlF(a,x,s) dv, (A19)

where k/l refers to the kth surface/lth volume element.
The normal derivative is

(A +oye “ny

F'(a,x,s) = o

(A20)

wherey = |y| = |x — s|.

In addition to the potential, v, we shall need gradients
in y as well. For this reason, it is convenient to define
some additional integrals

H,(ak,s) = — fSkVSF'(a,x,s) ds, (A21)
H,(ak,s) = fSszF(on,x,s) ds, (A22)
H,(al,s) = fVIVSF(a,x,s) dv, (A23)
and
e
V,F = 3(1 + ay)y (A24)
Amy
VF = eui[(l +ay)n — (08 + w)(n-y)y]
Amy y
(A25)

Now let y; denote the surface potential on platelet j
(centered at s;) and use similar notation for the p’s and
v's. Discretizing eqs Al3 and Al4 using the above
definitions yields

1 . .
51/’1 =V ZIZ(alkvsj)pk - le(a,k,sj)wk (A26)

1 |
Ew,- =v; + ZIZ(O,k,Sj)pk + le(o,k,sj)wk (A27)

As discussed in the main part of this paper, solution of
egs A26 and A27 for y and p in the case of Poisson
equations or simply eq A26 in the case of the ion
transport equation allows subsequent determination of
y(s) for any field point. Discretizing eq A6 for exterior
points

P(s) = V(s) — Z'z(a,k,s)pﬁ - le(a,k,s)wk (A28)

Vé(s) = —Z 1,(c,1,5)h, (o) (A29)

where hi(a) = h(a,x;) and X is the center point position
for volume element I. The corresponding gradient is

Vip(s) = W) — ZHz(a,k-S)Dﬁ - ZHl(OL,k,S)wk
(A30)

We(s) = —ZHv(a,I,s)h,(a) (A31)
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Figure 5. Schematic of s and its mirror point near the polyion
surface. Also depicted are the corresponding tangential and
normal displacements.

A common problem in BE methods?325 is that ¢ and,
to an even greater extent, Vy become difficult to
compute numerically for field points near the polyion
surface. This is related to the discontinuous nature of
1; (see egs Al1l, A12, and A17). Error can be reduced38
by considering a corresponding mirror point, sm, just
inside the polyion surface, as shown in Figure 5.
Discretizing eq A10, we have

0= Ve(sm) - le(oﬂkism)pi - le(a!klsm)’(/)k (A32)

Now if we add egs A28 and A32, we expect the
discontinuities in I; from the s and s, terms to cancel
each other on the basis of eqs A11 and Al2

P(s) = V(s) + Vi(sy) — Z('z(a,k,S) + (0K, s ))pk —

Z(ll((l.kys) + L(ak,sp))yy (A33)

Before discussing the gradient in v near the surface, it
will be helpful to introduce

21 = W) + Wes,,) — Z(Hz(a,k,s) +

H, (oK, Sm))pk — Z(Hl(a!krs) + Hy(ouksp))yi (A34)

22 = WH(s) = W(sy,) — Z(Hz(a,k,s) -

Hy(ok,sm)pj — Z(Hl(a,kﬁ) — Hy(ouksp))yi (A35)

where y; corresponds to adding the gradients of eqs A28
and A32 and y» corresponds to subtracting them. Which
one is appropriate depends on whether or not the
gradient is tangential or normal to the polyion surface.
Consider first the tangential gradient. A particular
component of the tangential gradient can be obtained
from the change in ¥ on going from s to s + Jds), as
illustrated in Figure 5. Near the surface eq A33 should
be used to estimate the potential at both s and sy,. Since
0sy is the same for both s and s, eq A34 is appropriate
for the tangential component. The normal gradient,
however, must be handled differently since ds for the
mirror point is of opposite sign from the field point
(Figure 5). Consequently, eq A35 is appropriate for the
normal gradient. Overall, this can be handled by
writing

Vip(s) = (rn — n(Nyy)) + n(n-y,)  (A36)
In this work the volume sorrounding the polyion is
broken up into shells which conform to the surface of
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the polyion. Shell 1, for example, occupies a thin layer
adjacent to the polyion surface. Each shell, in turn, is
divided into N additional volume elements (N is the
number of surface platelets). In this work, eq A36 is
used for the innermost four shells and eq A30 is used
in outer shells. In the case of the ion relaxation
problem, the normal component is handled differently
for the innermost shells, as discussed in the main part
of this paper.

The integrals defined by eqs A17—A19, and A21-A23
are solved numerically by several different methods. For
large y (greater than several nanometers) the integrand
is evaluated at a single point. For smaller y, they are
either solved by iterative methods or by a Monte Carlo
procedure. In the iterative method, the surface or
volume is divided into successively finer arrays of
elements and the integral evaluated as a sum over these
elements. The iteration is continued until the integral
converges to within some tolerance level (typically 0.01).
In the Monte Carlo method, some number (typically 100)
of points are selected at random from the surface or
volume element and the integrand average is deter-
mined. The integral is approximated as the integrand
average times the appropriate area or volume. When
the field point falls within, on, directly above, or below
the surface or volume element, part of the integral (a
circular patch or disk containing the field point) can be
solved analytically. In those cases, part of the integral
is solved analytically and the remainder numerically.
All procedures have been thoroughly tested.
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